The quadratic-form identity is extended to the discrete version which can be used to construct the Hamiltonian structures of the discrete integrable systems associated with the Lie algebra possessing degenerate Killing forms. Especially, it can be used to work out the Hamiltonian structures of some kinds of discrete integrable couplings. Then a kind of integrable coupling of the Toda hierarchy is obtained and its Hamiltonian structure is worked out by using the discrete quadratic-form identity. Moreover, the Liouville integrability of the integrable coupling is demonstrated.
Introduction
Research on the new integrable Hamiltonian systems is an important topic in soliton theory. It is well known that the famous trace identity [1, 2] proposed by Guizhang Tu is a powerful tool for constructing Hamiltonian structures of integrable systems. By making use of it, the Hamiltonian structures of many integrable hierarchies have been obtained [3] [4] [5] [6] . The study of integrable couplings is another important aspect. It has attracted more and more attention in recent years. It originates from the investigations on the symmetry problems and associated centerless Virasoro algebras [7] . The classification of the integrable systems is an interesting topic. In Ref. [8] , a useful approach for the classification was given. The study of the integrable couplings also provides clues towards the complete classification. At present, a few methods for constructing integrable couplings are presented by using perturbations [7, 9] , enlarging spectral problems [10, 11] , creating new loop algebras [12, 13] and semi-direct sums of Lie algebras [14, 15] . The integrable couplings of many integrable hierarchies have been worked out. How do we construct the Hamiltonian structures of the integrable couplings? It seems that we can use the trace identity to get the Hamiltonian structure, while some equations such as 0 = 0 are presented by making use of the trace identity, which shows that the trace identity holds but is invalid. We also find that the trace identity is not suitable for integrable systems associated with the Lie algebra possessing degenerate Killing forms. For the continuous integrable systems, Guo and Zhang [16] proposed the quadratic-form identity for constructing the Hamiltonian structure of integrable systems associated with the usual loop algebra. Ma [17] generalized the trace identity to the zero-curvature equations associated with the semi-simple and the non-semi-simple Lie algebra. All these can be used to construct the Hamiltonian structures of some kinds of integrable couplings for continuous integrable hierarchy.
In the present paper, first, the quadratic-form identity is extended to the discrete version which can be used to construct the Hamiltonian structure of the discrete lattice hierarchy associated with the Lie algebra possessing degenerate Killing forms. Especially, it can be used to work out the Hamiltonian structures of some kinds of discrete integrable couplings. Then we consider the Toda hierarchy
which is the physically important lattice hierarchy and has been studied widely [18] [19] [20] [21] [22] . In terms of a high-dimensional loop algebraG, a kind of novel integrable coupling of the Toda hierarchy (1.1) is given. The Hamiltonian structure of the integrable coupling is worked out by making use of the discrete quadratic-form identity. Further, the Liouville integrability of the integrable coupling is demonstrated.
A general scheme for generating discrete lattice hierarchy
We first recall briefly some presentations on a discrete integrable system.
T be a vector with the components u i = u i (n, t) depending on integers n ∈ Z and t ∈ R. The translation and difference operations are defined by
The Gateaux derivative, the variational derivative, inner product and the Poisson bracket are defined by
where P can be a vector function or an operator, f , g are vector functions, (f , g) R 2 denotes the standard inner product of f and g in the Euclidean space R 2 , and J is a Hamiltonian operator. Let G be an s-dimensional Lie algebra over C with the basis e 1 , e 2 , . . . , e s , where e i , (i = 1, 2, . . . , s) are all N × N matrices, and let G the corresponding loop algebra
where C (λ, λ −1 ) is the set of Laurent polynomials in λ. 
is satisfied. If (2.6) holds then the discrete zero-curvature equation
represents a lattice hierarchy, where
If (2.6) does not hold then we try to find a sequence of modification matrices ∆ m such that for
Ce i .
Then from (2.7) we have
where
Finally, suppose |U| = 0, we can take
and making use of the discrete quadratic-form identity:
the above hierarchy of Eq. (2.8) takes the Hamiltonian form
The proof of (2.10) will be given in the next section.
The quadratic-form identity
Let G be the Lie algebra in the previous section,
c i e i ∈ G.
Representing (3.1) as the coordinate forms
then G can be expressed by For specific example, we will present the explicit form of F in Section 5. Further, it is easy to find that {a, b} also satisfies the following properties:
Based on the above conditions, we have the following theorem: 
where γ is a constant to be determined.
Proof. In order to calculate the variational derivative
by the constrained variational calculation (CVC) technique [23] , we introduce the Lagrangian multiplier matrix Λ and form the sum
According to the CVC procedure, we have
Again according to the CVC procedure, we have
where the notationδ δu i means that we calculateδ
as if w is independent of u i . Making use of the invariance (3.3), we
From (3.6) and (3.9), we have Note Ω = (E −1 Λ)V − V Λ, on the one hand, by using (2.5), (2.9) and (3.7) we have
On the other hand, from (2.5) and (2.9) we have
Differentiating both sides of (3.12) gives
From (3.11) and (3.13) we deduce that
Thus, Ω − V λ is also the solution of (3.12). Therefore there exists a constant γ satisfying
(3.14)
Substituting (3.14) into (3.10), we have
The proof is completed.
A kind of integrable coupling of the Toda hierarchy
In this section, we consider the following Lie algebra It 
So G 2 is an Abelian ideal of the Lie algebra G. The corresponding loop algebraG is given bỹ
In terms of the loop algebraG in (4.3), we construct the following isospectral problem
Solving the stationary zero-curvature equation (2.5) gives rise to 
We observe that the terms of the left-hand side in (4.8) are of the degree ≥ 0, while the terms of the right-hand side in (4.8) are of the degree ≤ 0. Therefore, the terms of the both sides in (4.8) are of the degree 0. Thus
m+1 e 8 (0). 
m+1 e 8 (0). Then by (2.7) and (4.4) we obtain the lattice hierarchy
The first two equations in (4.11) are just the Toda hierarchy. According to the concept of integrable coupling, we call (4.11) a kind of integrable coupling of the Toda hierarchy. The first few systems of this hierarchy can be obtained by using (4.7). The first system is
The first two equations in (4.12) are just the Toda lattice equations. So, (4.12) is a kind of integrable coupling of the Toda lattice equations.
The Hamiltonian structure of the lattice hierarchy
Representing (5.1) as the coordinate forms
By making use of the invariance (3.3), we determine the symmetric matrix F : 
By (2.9) we have
Representing U in (4.4) and V in (5.4) as the coordinate forms
According to (3.4) , a direct calculation gives
(5.5b) Substituting (5.5a) and (5.5b) into the quadratic-form identity (3.5) and comparing the coefficients of λ −m−2 give δ δu
Setting m = 0 and inserting the initial values into (5.6) give γ = 0.
Hence, we have
with
Next we write the lattice hierarchy (4.11) as
where J is the Hamiltonian operator. Therefore we have succeeded in writing the integrable coupling (4.11) of the Toda hierarchy in the Hamiltonian form:
where Θ is the hereditary recursion operator, and 
The Liouville integrability
Now we show the Liouville integrability of the Hamiltonian system (5.9). It is not difficult to verify that 
